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We consider a nine-dimensional parameterization of the dark energy equation of state and compare
this with the two-dimensional analysis recently used by the Dark Energy Task Force (DETF) to
compare the constraining power of various experimental approaches. We extend the figure of merit
analysis used by the DETF to our parameterization and apply it to the DETF data models. The
data models constrain 3-4 of our parameters just as well as they constrain the two DETF parameters.
While supporting most of the DETF conclusions, our results point to a much higher impact for the
larger dark energy experiments than was reported by the DETF. Most of our differences from the
DETF can be understood using a simple dimensional rescaling formula.
PACS numbers: Valid PACS appear here
The observed cosmic acceleration requires the intro-
duction of the “dark energy” to achieve consistency with
the current cosmological paradigm. The dark energy
must be the dominant component of the universe (about
70% of the energy density), yet an understanding of its
fundamental nature has proved elusive. Many believe
that resolving the mystery of the dark energy will force a
radical change in our understand of fundamental physics.
This expectation has generated great interest in the dark
energy and widespread enthusiasm for an aggressive ob-
servational program to help resolve the mystery.
Recently, the Dark Energy Task Force (DETF)[1] re-
leased a report to guide the planning of future dark en-
ergy observations. The DETF used a dark energy “figure
of merit” (FoM) based on a two-parameter description of
the dark energy evolution in order to produce quantita-
tive findings. An interesting question is whether using
the DETF FoM might lead to poor choices in shaping
an observational program because of its simplicity. In
particular, could the relative value of two possible exper-
iments be distorted by the DETF FoM?
This paper considers this question by examining an al-
ternative FoM. We model the dark energy evolution with
a nine-parameter model and formulate a FoM (the “D9
FoM”) which gives an experiment credit for any combina-
tion of these parameters which it constrains well. We’ve
used this alternative FoM to assess may of the same sim-
ulated data sets considered by the DETF.
Our analysis leads to three main conclusions: 1) In
our scheme, most of the DETF data models measure
significantly more than two parameters to useful accu-
racy. 2) The main differences between our results and the
DETF results can be accounted for by a simple dimen-
sional rescaling reflecting the increased parameter space.
3) Due to the reduced dimensionality, the DETF FoM
significantly understates the relative importance of the
different experimental stages, as compared with the 9D
FoM. In particular, the 9D FoM indicates a much greater
impact from larger Stage 4 projects as compared with
that reported by the DETF. Our FoM gives the simi-
lar relative rankings of data models and combinations of
data models as found by the DETF. We find no evidence
for any major distortion of the DETF conclusions beyond
this overall rescaling.
Following the DETF (and many others) we model the
dark energy as a homogeneous and isotropic fluid. The
complete dark energy history can then be given by the
dark energy density today and the “equation of state
parameter” (the ratio of the density and pressure of the
fluid) w(a) as a function of time or cosmic scale factor a.
The key to our discussion of FoM’s is the choice of
parametrization of w(a). The DETF used a standard
linear form
w(a) = w0 + wa(1− a) (1)
For this work we used a piecewise constant model of w(a)
w(a) = −1 +
∑
i
wiT (ai, ai+1) (2)
where the “tophat function” T (a1, a2) is unity for a1 >
a ≥ a2 and zero otherwise. In this parameterization
any non-zero value of a wi represents a deviation from
a cosmological constant (w = −1). Note that the DETF
linear model is well approximated by a subspace of the
nine-dimensional model.
The DETF considered a variety of data models and
calculated the degree to which w0 and wa would be con-
strained by each data model. The DETF FoM is given by
the reciprocal area in w0−wa space enclosed by the 95%
confidence contour for a given data model. Our “9D”
figure of merit is defined as the reciprocal hyper-volume
in the nine dimensional space enclosed by the 95% con-
fidence contour for a given data model.
Like the DETF we use the Fisher matrix formalism
and assume a Gaussian probability distribution to eval-
uate the 9D FoM. A general (unnormalized) Gaussian






































FIG. 1: Information about F for the DETF Stage 2 data
model. The upper panel gives the errors σi (in order of in-
creasing σi), and lower panels give the corresponding eigen-
vectors ~fi. The ~fi represent the independently measured
“modes” of w(a). The plot shows the nine components of
each ~fi with markers (assigned to each eigenmode i according
to the legend) giving all nine parameter values wj as a func-
tion of step label a¯j ≡ √ajaj+1 for that vector. The dotted
vertical lines show the values of aj .
probability distribution for parameters ~x around a cen-
tral value ~x0 in N dimensions is given by
exp (−∆~xF∆~x) /2 (3)
were ∆~x = ~x − ~x0. The N eigenvectors ~fi of F give the
directions of the principle axes of the error ellipsoid, and
the width of the error ellipsoid along axis ~fi is given by
σi, the inverse square root of the i-th eigenvalue of F .
Note that any given function w(a) parameterized by
Eqn. 2 is uniquely specified by the vector ~w with com-
ponents {wi}. The vectors ~fi form an orthonormal basis
that spans the space of all possible ~w’s, and thus any
function w(a) in this parametrization can be specified
by coefficients αi so that ~w =
∑
i αi
~fi. The data corre-
sponding to F make uncorrelated measurements of the
αi’s with errors given by σi.




i (the constant of
proportionality is irrelevant to our discussion since only
ratios of FoM’s are discussed). The only formal difference
between the DETF and 9D FoM’s is the parameter space
in which they are defined. For this work we calculate
9D FoM’s for a wide range of DETF data models, but
we exclude DETF models of galaxy cluster data because
these data models are too complex to easily adapt to our
scheme.
Each data model corresponds to its own Fisher ma-
trix F from which the FoM can be calculated. Figure
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FIG. 2: This figure has the same format as Fig. 1, only this
one shows information about the DETF “Stage 4 Space Weak
Lensing Optimistic” data model. Note that more modes are
well measured for this much higher quality data set (vs Stage
2).
1 gives information about the F corresponding to the
DETF “Stage 2” data minus clusters. This is the DETF
projection of where we will be when current projects are
complete. The upper panel shows the σi’s, (sorted by in-
creasing size) and the lower panels show the correspond-
ing eigenvectors of F as a function of a. Figure 2 gives
the same information for a particular Stage 4 data model.
None of the DETF data models are powerful enough to
constrain all nine directions in our parameter space. This
is reflected in very large values of σi for larger i.
All the 9D FoM’s reported here used a model of w(a)
where the grid on which the constant pieces of w(a) are
defined starts at zmin ≡ 1/(amin − 1) = 0.01 and goes
out to zmax = 4. The bins are evenly spaced linearly in
a. For this work we also considered bins evenly spaced
logarithmically in a as well as both types of spacing in
z as well. For each of these cases we also considered
grids with zmax = 2 and zmax = 7. The grid used for
the results reported here is the one (out of all of these
examples) which gives the highest FoM’s. That way we
use the parameters which are best measured by the model
data sets.
We choose to not attach significance to the poorly de-
termined directions (directions with large σi). We do not
trust our formalism to give meaningful answers in direc-
tions that place bounds weaker than unity on the wi’s,
and such weak constraints are not likely to enlighten us
about dark energy. We handle this issue by re-setting all
σi > 1 to unity when we calculate the FoM. That way
changes in σi in the directions where the method is not
trusted do not contribute to changes in the FoM.
This stepwise constant form for w(a) has been used
3previously by other authors (applied to different data
models)[2, 3, 4]. To the extent that comparison is pos-
sible our work is consistent with these earlier papers.
In particular, the claims in [4] that there are only two
measurable w parameters stems from a different formal
definition of what it means to measure a parameter use-
fully. The choice we make here is best suited for to our
purpose, which is to make a direct comparison with the
DETF methods.
The DETF present their main results in four bar charts
showing the FoM ranges for particular data models. The
values are given as ratios to the Stage 2 FoM so that
progress beyond Stage 2 can be read directly, with in-
creasing progress corresponding to larger values along the
y-axis. The four panels in Fig. 3 show equivalent plots
(using the same DETF data models minus clusters). The
dark bars show the DETF FoM and the light bars show
the 9D FoM. The 9D FoM shows much larger values for
all the strong data models.
Aside from not including clusters, there are other small
differences between the data models used here vs those
used for the DETF plots. When we use two supernova
data models in combination, such as when stage 2 and
stage 3 or 4 data are combined, they share the same nui-
sance parameters (except for the photometric redshifts).
In the DETF calculations the nuisance parameters are
separate. The PLANCK prior is calculated the same
way as for DETF, but the Fisher matrix is expressed in




Eqn. (23) in [5]) These parameters are defined in the
DETF report. Also, the calculations here apply the
transfer function formalism for weak lensing in a manner
that is formally equivalent but different in implementa-
tion. This exposes the shortcomings of the transfer func-
tion formalism as discussed in section 9.2 of the DETF
technical appendix which results in FoM’s slightly differ-
ently than those published in the DETF report. These
small difference from the DETF report were included
in all the FoM’s presented here so comparisons between
DETF and 9D will just reflect the different parameters
choices.
One can see that good combinations of Stage 3 data
give 9D FoM improvements of an order of magnitude and
strong Stage 4 data combinations give 9D FoM improve-
ments of three orders of magnitude or more. Compared
with the DETF results (about an order of magnitude to
Stage 4 and half an order of magnitude to Stage 3) this is
not only a strong showing overall, but specifically the 9D
FoM exhibits a greater improvement factor going form
Stage 3 to Stage 4 as compared with the DETF FoM.
One can explore the relationship between the 9D and
DETF FoM’s by considering the parameter space dimen-
sionality. The DETF FoM is constructed in a 2-D param-
eter space. Consider the following effective “reduction to
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FIG. 3: Each of the four panels shows a plot that corresponds
to one of the four main bar charts in the DETF report (having
the same titles). The data models are essentially the same as
those used by the DETF and, as with the DETF plots, the
bars show improvement in the FoM over Stage 2 . The dark
bars show the DETF FoM. To the right of each dark bar is
a light bar that reflects the 9D FoM for the identical data
model. The 9D FoM registers a much greater impact from
each data model, and also a much greater improvement Stage
4 vs Stage 3. The x-axis labels are similar to those on the
DETF plots, but abbreviated.
Here F2 and F9 are the reduced and regular 9D FoM’s
respectively. This dimensional reduction basically means
that F2 is the product of only two 1/σeff ’s where σeff is a
suitably defined geometric mean of the σi’s. The “effec-
tive dimension” De should be thought of as the number
of directions constrained by a given data model in 9D
parameter space.
Figure 4 shows the same plots as in Fig 3 except Eqn.
4 has been applied to all the 9D FoM’s as described in
the figure caption. The rough agreement between the
DETF and reduced 9D bars in Fig 4 suggests that rescal-
ing according to Eqn.4 accounts for the major differences
between the 9D and DETF FoM’s.
Imposing additional constraints or “priors” on specific
parameters generally will improve the figures of merit.
The DETF report has a plot similar to Fig. 5 (dark bars)
which illustrates the “impact factor” (factor by which the
FoM improves) of imposing stronger priors on the curva-
ture and the Hubble constant. DETF found the impact
to be modest, and noted that the best data models ac-
tually determine these (and other) parameters so well
themselves that the impact of additional priors was in
fact very small.
Here we have shown how data models can constrain
more w(a) parameters than the two considered by the
DETF. Does this improvement comes at the expense
of poorer constraints on other parameters, due to the
greater flexibility of the dark-energy model? The lighter
































ska   BLST   Slst   Wlst  Aska   Alst































[SSBlstWlst]   [BSSlstWlst]   Alllst   [SSWSBIIIs]   SsWlst   
FIG. 4: This plot has the same form as Fig. 3, except here all
the 9D FoM’s have been scaled according to Eqn. 4. We use
De = 2.5 for Stage 2, De = 3 for Stage 3, De = 4 for Stage
4 pessimistic and De = 4.5 for Stage 4 optimistic. These
plots suggest that the scaling accounts for most substantial
differences between the two FoM’s exhibited in Fig. 3. We
probably have somewhat overestimated De for some of the
weaker data models (leading to lower 9D bars), and even ac-
counting for that, some modest differences may remain.
bars in Fig. 5 show the impact factor on the 9D FoM.
The impact factors are broadly the same for both the 9D
and DETF FoM’s, indicating that going to the 9 parame-
ter w(a) model does not produce significant degradation
of the impact of the data models on these two parame-
ters. In fact, the 9D impact factors are smaller with the
Hubble prior than for the DETF FoM, suggesting that
the 9D space allows the data to prove its worth on other
w(a) parameters which have even less degeneracy with
the Hubble parameters than w0 and wa.
We have analyzed a figure of merit for dark energy data
models defined in a nine-dimensional parameter space, up
from the two-parameter space used by the DETF. Our
9D FoM allows a given data model more leeway to show
its capabilities, since there are many more directions in
parameter space that it might constrain well. We have
found that the DETF data models constrain more param-
eters than the two used by the DETF. Specifically, our
scaling law indicates that stage 3 data models constrain
on average 3 parameters with the same uncertainties as
they constrain the two DETF parameters, and the stage
4 data models constrain four or more parameters with
the same average uncertainties as they constrain the two
DETF parameters.
Our 9D FoM follows the same logic as the DETF FoM,
namely it attaches equal weight to any constraint on
w(a). For example, the measurement of a non-zero value
for any of the αi’s (that is any of the independently mea-
sured combinations of the wi’s) would be equally signif-
























FIG. 5: This plot shows the impact on the FoM of adding
additional constraints on curvature (left side) and the Hubble
constant (right side). Although the format is different, the
details are the same as the corresponding plot in the DETF
report. The dark bars show the impact on the DETF FoM
and the light bars show the impact on the 9D FoM. Specifi-
cally, the plotted “impact factor” is the factor by which the
FoM’s change (for Stage 4 space, without stage 2) when the
additional priors are imposed. The results are similar for both
FoM’s.
icant in that it would rule out a pure cosmological con-
stant. Thus the higher dimensional constraints really do
reflect greater discovery power.
Because our calculations allow the different data mod-
els to show their capabilities to constrain w(a) in larger
parameters spaces our 9D FoM’s are much larger overall,
especially for the powerful stage 4 data models. By mod-
eling w(a) with only two parameters one could argue that
the DETF FoM underestimates the overall impact of the
DETF data models. Especially, the DETF FoM under-
estimates the relative value of “Stage 4” (large projects)
vs “Stage 3” (medium projects). The basis for most of
the 9D-DETF differences can be understood in terms of
a simple rescaling of the 9D results according to Eqn.
4. The 9D FoM gives broadly the same relative rank-
ings of data models and combinations of data models as
found by the DETF. Thus, aside from overall rescaling
that gives much more credit to the larger experiments,
our calculations broadly support the DETF conclusions,
especially regarding the value of combining methods and
the relative rankings of specific data models.
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